Appendices
APPENDIX A: DETAILED STATEMENT OF MODEL 1

Production

With fixed production factors and full employment, output is fixed in each region z: X5, = XS, where
XS, is domestic production in region z. That constraint, however, is not part of the model; rather, it is a

closure equation.

Income and savings

Regional income is equal to the value of production.

Y, = P, XS, (30)

where

P, Producer price in region z

Y, Income in region z

There is no distinction between consumption and investment. It follows that savings, the difference
between income and consumption, are equal to the current account balance (CAB). So the regional

agent’s budget constraint is

CAB, =Y, - PC, Q, (€2)
where

CAB, Current account balance of region z

PC, Price of the composite good in region z

(), Domestic demand for the composite good in region z

To make the model more compact, we substitute (30) into (31), which becomes

CAB, = P, XS, - PC, @, 3)
We can eliminate equation (30) and variable Y, from the model.

Not only is the current account balance equal to savings, but it is by definition equal to the difference
between the aggregate value of exports and the aggregate value of imports.

CAB, = PXT, EXT, - PMT, IMT, &)

where



IMT, Total imports of region z
EXT, Total exports of region z
PMT, Price of composite imports in region z

PXT, Price of composite exports of region z

Trade

Production is allocated between sales on the domestic market and exports so as to maximize its value

subject to a CET transformation function.

XS, = Bp, D5 + (1 - ) EXTX-]" where x, = 271 with 0 < 7, < o0 (5)
TZ

D 1- B, PL,

z

where
D, Domestic demand for the locally produced good in region z

PL, Market price of local product in region z

and
B, Scale parameter, CET product aggregator
p. Share parameter, CET product aggregator

7, Elasticity of transformation: 0 < 7, <

1<k, <o

Total exports are allocated among destination regions so as to maximize their value subject to a CET
transformation function.

L
X

EXT, = BX| Y p&(BX, ;) where kX = ,with 0 < 7 < o0 (7)
zj Z'g(
X
px, = PXL | Wy (®)
% %] I+r§ X
(BX) = [Py PXT:

where



BX Scale parameter, CET exports aggregator
s zij Share parameter, CET exports aggregator

tX Elasticity of transformation: 0 < 7 < oo

X + 1
iz

X —
kX =
1< kX <o

e, Exchange rate (price of the international currency in terms of region z’s currency)

PW, ,;  World price of exports from region z to region zj
EX, . Exports by region z to region zj

Under the Armington hypothesis, domestic demand is distributed between the domestically produced

good and imports so as to maximize the quantity acquired, subject to a CES aggregator function.

1

Q. = Ao, D, P + (1 — ) IMT, 2] ™ where p, = 1= %= with 0 < o, < o )
O-Z
IMT 1 rr. V-
z _ -, z (10)
D, a, PMT,
where

A, Scale parameter, Armington CES function between local production and imports
o, Share parameter, Armington CES function between local production and imports
o, Elasticity of substitution between local production and imports: 0 < o, < ©

l1-o0
Py = =

o
2 oi-l<p, <o

Under the Armington hypothesis, imports are distributed among exporting regions so as to maximize the

quantity acquired, subject to a CES aggregator function.
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IMT, = A} zazj,z ]sz’z where pf? = —M,W1th 0 <o} <o (11)
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where
AM Scale parameter, Armington CES function between imports from different regions
a% p Share parameter, Armington CES function between imports from different regions
oM Elasticity of substitution between imports from different regions: 0 < o < o
y_1-doM
Pz = v
92 1< pM <
Prices

The value of production is equal to the sum of the value of sales on the domestic market and exports.

P, XS, = PL.D, + PXT, EXT, (13)

The total value of exports is equal to the sum of values of exports to all regions

PXT, EXT, = e,y PW, ;EX, ,; (14)
2

2%

Total expenditures are equal to the sum of purchases on the domestic market and the value of imports.

PC,Q, = PL,D, + PMT, IMT, (15)

The total value of imorts is equal to the sum of values of imports from all regions

PMT, IMT, = ezz PW,; AM; ,
4 (16)
Equilibrium
Imports from region zj by region z must be equal to exports from region zj to region z.
Eij,z = ]sz,z 17)
The world sum of current account balances, expressed in the international currency, must be zero.
Z CAB, _ 0 (18)

z ez



APPENDIX B: REDUNDANT EQUATIONS IN MODEL 1

We now show that
e cquations (7) and (8) together imply (14), which is therefore redundant;
e cquations (11) and (12) together imply (16), which is therefore redundant;
e cquations (4) and (17) together imply (18), which is therefore redundant;
e equations (13), (15) and (3) together imply (4), which is therefore redundant;
e equations
— (14) (or equivalently the combination of (7) and (8)),
— (16) (or equivalently the combination of (11) and (12)),
- (13),(15) and (3),
— (18) (or alternatively the combination of (13), (15) and (3), which together imply (4), and
equations (4) and (17))
together imply that, if equation (3) is satisfied for N — 1 regions, then it is also satisfied for the Nth one

(Walras’ Law). Therefore, one equation of the set (3) may be discarded as redundant.



B.1 Redundancy of equations (14) and (16)
Given (7) and (8), equation (14) is redundant, and given (11) and (12), equation (16) is redundant. This is demonstrated in parallel in three steps.

Step 1: Substitute (8) into (7), and (12) into (11), and develop.
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Step 2: Multiply both sides of (8) by e, W, .;, and both sides of (12) by e, PW,; ., and sum over zj.
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PXT, EXT, = e,y PW, ,EX, ,;
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Step 3: Substitute the right-hand side of the last equation in Step 2 into the last equation in Step 1

oM
PMT, = AM | e,y PW,; ,IM, ML _(pyrr,)
2
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(Aéw) z PMT, 2
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2

PMT, IMT, = e,y PW,;

2,2
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The final equations in Step 3 are identical to (14) and (16), which are therefore redundant.



B.2 Equation (18) redundant

Divide (4) throughout by e, :

CAB
2= D PW, B X, op = D P Wy M,
€, 2J zj
Sum over z.

CAB
Z Z = ZZPVI/Z,ZjEXZ,Zj - ZZPVsz,z[sz,z
z €, z 2 z zj

CAB
Z == ZZPVVz,szXz,zj - ZZPWMJ']M%ZJ‘
2 €, z zj z z

CAB,
Z z = ZZPVVZ,ZJ'(EXZ,ZJ' - [Mz,zj)
z €, z zj

And, given (17), we have (18). Equations (4) and (17) together imply (18), which is therefore redundant.

B.3 Equation (4) redundant

Substitute (13) and (15) into (3) to obtain (4). Equations (13), (15) and (3) together imply (4), which is

therefore redundant.

B.4 Walras’ Law

We shall now examine how Walras’ Law applies to our model. Define excess demands on the domestic

and international markets respectively as
XD, = DP — D9
Xsz,z =IM,, - EX,

Vx4 2]y %
where
rc. )"
o,-1| &
PL,
7,+1 T,
Do - H PLZJ xs,
l-oM —ol!
. =] PW,; . A7 (1 - a,)PC,
WE | qM M pMT. :
z X s,z z

(32)

(33)

(34)
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X (LJ L (LJ [ﬂ} Xs 5
2,2]] z

Supply and demand equations (32)-(35) are homogeneous with respect to prices. Their mathematical

derivations are given in Appendices D-G (look for equations (48), (58), (61) and (64)).

The value of excess demand on the domestic and international markets is given by
PL, XD, = PL,DP — PL,D9
PVsz,zXsz,z = PVsz,z[sz,z - PVsz,zEij,z

The aggregate value of all excess demands, expressed in terms of the international currencys, is

PL
Z ZXDZ+ZZPVVZZ] XM, ; =

z €y z zj
PL, D _ L, 0 4
Z D Z DS ZZPVVZ,zj 2,2] ZZPI/I/ZZ] EXZZ]
z €z z z z 2

Substitute equations (14) and (16) into the last equation. It is true that equations (14) and (16) are no
longer present among the model equations (they have already been discarded as redundant), but they are
implied!:

e cquations (7) and (8) together imply (14) (see above and Appendix B);

e cquations (11) and (12) together imply (16) (see above and Appendix B).

The substitution yields

PL
Z 2 XD, + ZZPVVZ,Zj XM, ,; =

z €5 z zj
PMT,;
ZPLZDD Z zDO+Z ZJJMTZJ-—ZPXT EXT,
z €y zj €y z €
PL
Z ZXDZ+ZZPVVZZ] XM, ;i =
z €45 z zj
ZPLZ DD - Z ZDO ZPMT IMT, - ZPXT EXT,
z € z €, z €,

1" We underline this as a precaution against the logical pitfall that would consist in using a discarded equation that could no
longer be considered implicit in the model because the equations which imply it would also be absent from the model.
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Z PL, XD, + ZZPWM XM,

z €y z zj

7/

5 (PLZ pp 4 PMT. JMTZJ ] LZ@DZO . zﬂmz}

z € €2 z €z z €

Z PLZ XDz + ZZPVVZ,zj XMz =

z €y z zj "
Zi {(PLZDQ + PMT,IMT,) - (Z PL.DY + PXTzEXTzﬂ
z €, z z

Substitute (13) and (15) into the last equation, and

ZPL

1
£ XD, + Zzpm,zj XMz,zj = Z_(PCzQz - PZXSZ) (36)

z €y z zj z €y
where the regional agents’ budget constraints are given by (3).

Regional budget constraints are homogeneous with respect to prices and nominal values?. Substitute the

regional budget constraints into (36) to obtain

ZPL

1
2 XD, + ZZPVVZ’Z]' XM, ; = Z—(— CAB,)
z €y z zj z €y
Substitute (18) into the last equation (equation (18) is no longer present among the model equations, but
implied: equations (13), (15) and (3) together imply (4), and equations (4) and (17) together imply (18)).
The substitution yields

> PL, XD, + ZZPWM XM,

z €y z zj

=0

%

So the total value of excess demands is zero, which is Walras’ Law. It follows from Walras’ Law that, if

all excess demands but one are zero, then the remaining one is zero also. Therefore, one of the market
equilibrium constraints consisting of (17) and DL = D9 is redundant (Of course, in the model, this
equilibrium constraint is represented by the fact that both sides of the equation are one and the same

variable, D).

2 In the traditional development of Walras’ Law, the income and expenditures of each agent are constained to be equal, so that

their budget constraints are homogeneous with respect to prices. Here, agents may have surpluses or deficits (non-zero
CAB:s), the counterpart of which are, broadly speaking, international “loans”. It follows that homogeneity must be defined
not with respect to prices only, but with respect to prices and nominal values.
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However, rather than discarding one of the market equilibrium constraints, it is possible to discard one of

the budget constraints, while retaining all market equilibrium constraints. Indeed, if all excess demands

are zero for some price vector, the left-hand side of equation (36) is zero. It follows that, for any region z,

z € {L"'vN}’
1 1
—(PC,Q, - P.XS,) = = Y, —(PC,Q,; - P;X5,))
ez ZjiZ ezj
while (18) implies
OABz _ CAsz
ez ZjiZ ezj

Consequently, if CAB,; = P;XS,; — PC,Q),; for all zj # z, then the last two equations guarantee
that, for the remaining region z also, CAB, = P,XS, — PC,Q,. This is the form which Walras’ Law

takes in our model. We arbitrarily pick some region zleon, zleon € {l,---, N} (zleon is a mnemonic for

Léon Walras), and remove equation (3) for that single region. Note that, with the removal of the equation

relating to zleon, the variable C'AB,;,,,, no longer appears in the model. Its value may be computed

using the suppressed equation.

It is common practice in CGE modeling to introduce an extra variable and an extra equation to verify

Walras’ Law. In the GAMS implementation described in Appendix K, the extra variable is labeled
LEON in honor of Léon Walras, and LEON = CAB.p, — (Paeon XSuecon = PCucon @steon)- A

nonzero LEON in the solution indicates that there is an error in the model.
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APPENDIX C: NLP PROBLEM WITH DUMMY OBJECTIVE

Consider the following example

zT+y=a (37)
bx + by = ba (38)
y=c (39)

where a, b and c are constants. Clearly, equation (38) is redundant given equation (37). Equation (39)

plays the role of a closure rule.

Using the GAMS solver CONOPT, with the statement

Solve testmodel 1 using CNS;
where testmodel 1 consists of equations (37), (38) and (39), the program aborts, because the model is
not square: the CONOPT solver does not detect redundancy. On the other hand, with the statement

Solve testmodel 1 using NLP minimizing y;
the model finds a solution which is identical to the solution produced by the statement

Solve testmodel 2 using CNS;

where testmodel 2 is the correct model, consisting of equations (37) and (39).

Now, suppose the modeler does not eliminate redundant equation (38), fails to include the (39) closure
rule, and introduces a dummy objective variable, z The resulting model is testmodel 3, which
consists of equations (37) and (38), together with (40):

z=d (40)

where dis any constant. We now perform
Solve testmodel 3 using NLP minimizing z;
Obviously, the solution of testmodel 3 is not unique. The solution produced by the algorithm

depends on the initial values of variables. If the SOLVE statement for testmodel 3 comes
immediately after the solution of testmodel 2, then y will be implicitly initialized at its correct

solution value and the solution will be the same. But if the initial value of y is modified, then the solution

will be different and, in our example, wrong.
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APPENDIX D: EQUATION (32)

D.1 Cost minimizing problem

The regional agent allocates demand between domestic production and imports by minimizing

consumption expenditures (equation (15)), subject to constraint (9).

D.2 Lagrangian and first-order conditions

Form the Lagrangian

1

Pz

Z = PL,D, + PMT, IMT, ~ u{ AJa, D77 + (1~ a,) IMT, P:] ™ — @,

The first order conditions are:

1

a% = _Az[az Dz_pz + (1 - az)]MT:z_pZ] " + QZ =0 (41)
Ou,
_
% = PLz - Hy iAz[az Dz_pZ + (1 - az) ]ijz_pz] " =0 (42)
oD, oD,
_
0L _ puT - A, D7Pe 4 (1 - a) M7 2] 7 =0 (43)
OIMT, OIMT,
with

1
iAz[aZ D P+ (- ) IMT, P2 7 =
oD,

LI

_ A e, D772 + (1 = @) a1 P:] o le, D77 + (1 = @) 11,7
Pz oD,

1

iAz[aZ DPe + (1 - ) IMT, -] 7 =
oD, 4)

Pzl

+ A, D7 4 (1 - @) IMT P T DR

and
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0 Ala, D7P: + (1= ) M P27 =
OIMT,
e
A _ _ Pz 0 _ _
~ 22, P+ (1 - @) IMT, P2 ] o, D772 + (1 = &) IMT, P+
P OIMT,
e
5 -p -p Pz
Ale, D7P: + (1 - @) 1T, 72| 7 =
OIMT, 45)
+ A, D7+ (1 - a) IMT P2 T (1 - a )M TP
Given (9),

1

% = o, DP: + (1= @) a2 "

z

_pz
(&J = o, D772 + (1 - @) TP
AZ

Substitute the last equation into (44) to obtain

T —Pz
i‘4,2[052 Dz_pz + (1 — O!Z)IMTZZ_pZ] Pe = Az (&J aZDZ—pZ—l
oD,

1

- p,+1
O afa D (- ayure] = ] ap e
oD, A

1
- — p,+1
O Ala, DP v (- M ] T = A e
oD,
and similarly into (45), yielding

P+l
A, DP v (1 - )M P ] = A (1) |-
IMT,

o
OIMT,

First-order conditions (42) and (43) can now be written as



P+l
aZ = PLz - /uzAz_pz a, & =0
oD, D,

P+l
5% =PMTIZ_IUZAZ’DZ(1_053)( QZ J =0

OIMT, IMT,
or
P+l

PL, = /uzAzipZ a, &

D,

P+l
PMT, = /JzAz_pZ (1 - az) QZ
IMT,

D.3 Relative demand for domestic production and imports

Take the ratio of the final two equations of D.2,

P+l
M A, e a, (QZ}

PL, D,
- 1
PMT, i &
A, " (1 - az) @
IMT,
PL,  a,MT/:*!

PMT, (- a,)Dp:"!

P+l
IMT, (- a,)PL,
D, a,PMT,

1

pz+l
IMT, ((1 - aZ)PLZJ

D, o, PMT,
l-0o, . .. 1
where p, = implies p, + 1 = —, and
GZ GZ

GZ
IMT, (- a,)PL,
D, a,PMT,

o-Z
i, - | Q= @)PL |
a,PMT,

16

(46)



D.4 Demand for components in terms of composite demand and prices

Substitute the final equation of D.3 into (9)

Pz
o, Pz
Q, = A a, D, P +(1-a,) % D,
o, PMT,
oL
o, —Pz =
Qz = AzDz a, + (1 - az) (1 — az)PLz
o, PMT,
l-0o, . .. 1
where p, = ——= implies o, = , and
oy Py + 1
_ 1
_pe )
Pzl
Qz = AZDZ a, + (1 - az) (1 — aZ)PLz
o, PMT,
1
Pz Pz
Pzl
D, _ RS o+ (1-a.) (1 - a,)PL,
Qz Az azPMTz
Pz _ Pz _ Pz
pz+l pz+1 pz+l
&:L o, a, a, +(1_az) (l_az)
Q, A, |\ PL, PL, PMT,

17
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where p, = 1= o, implies p, + 1 = L, and —P2— =1 - 0. It follows that
o, P Py +1
i o,-1 . o,- 21
PL, PMT,

GZ O-Z
Do Ll | \pp| 2 | o pyp|l= 1-a)| (47)
Q, A, \PL, PL, PMT,
where the left-hand side ratio depends only on component prices. As a matter of fact, multiplying both

sides of (47) by @, transforms it into a demand equation of D,. A similar development would lead to a

demand equation for /M7, .

mr, 1 (-a))
Q. Az PMT,

D.5 Unit cost of composite demand

It is clear from (46) that the relative demand for domestic production and imports is independent of the
scale of demand, which is consistent with the first-degree homogeneity of aggregator function (9).
Consequently, the unit cost of the composite demand can be obtained from (15) by substituting the

optimal ratio determined in (46), and dividing through by @), .

D

z

PC,Q, = | PL, + PMT, %J

z

GZ
PC,Q, = |PL, + PMT, (- a)PL, D,
«,PMT,

] o
pe, = | pr, + pur| U= 2Pl | | D2
a,PMT, @,

O-Z GZ
pe, = | Pl | | pr| % | 4 pur| U= 0-a)]
a, PL, PMT, Qz
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To express PC, in terms of the component prices only, we must substitute for D,/¢), in this last

equation using (47):

o, o, o,
po, = | Ple| | pr| 2| 4 pyp|l=2)
a, PL, PMT,

GZ O-Z O-Z oz B
A, \ PL, PL, PMT,
1+- %2
— - o,-1
O_Z z
pe, = Llpr| % | 4 pyp|U=%)
A, PL, PMT,
1
— - oy-1
O-Z
rc, = Llpr| % | 4 pur|U= 1-a)]
A, PL, PMT,
D.6 Demand for domestic production and imports reformulated
Given the last equation in D.5, we have
B 1
o, -1
GZ
arc, = |pr| % | 4 pur| U= 0-a))
PL, PMT,
Using the preceding equation, we can write (47) as
D 1 o
(24 o,
PRNTIA
D P,
2 (AZ)%—I [O‘z z]
Q. PL,
pc,\
o,-1| A
D, = (Az) —= @, (48)
PL,

which is an alternate form of the demand equation for domestic production. A similar development leads

to the import demand equation:
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IMT, = (AZ)"Z‘[%] Q. (49)

Equation (32) defines DL from (48).
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APPENDIX E: EQUATION (33)

E.1 Sales revenue maximizing problem

The regional agent allocates production between the domestic market and exports by maximizing the

value of production (equation (13)), subject to constraint (5).

E.2 Lagrangian and first-order conditions

Form the Lagrangian

1

Z = PLD, + PXT, EXT - J,{B|p, D + (1 - B,) EXT,:|" - X5,

The first order conditions are:

1

& Bp, DS + (1 - p)EXT]" + XS, = 0 (50)
oA,
1
L b2, Blp DN (- gy ExT]T =0 (51
oD, oD,
1
9L pxr -4, — % Blp DR+ (- p)EXTE]T <0 (52)
OEXT, OEXT,
with

1

0 Kz
- BZ[IBZ DZKZ + (1 - ﬂz) EXTZKZ] =
oD,

LI

i[ﬂz DS+ (1 - ﬁZ)EXTZKZ]KZ a%[ﬂz DS + (1 - B,) EX 7}’”]

K, 2

1

0 Kz
_Bz[ﬂz Dsz + (1 - ﬂz)EXTzKZ] =

oD, (53)

L

Bz[ﬂz DZKZ + (1 - ﬂz) EXTzKZ] ’ ﬂz DZKZ_l

and
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1

5 Kz
BZ[IBZ DzKZ + (1 - ﬂz) EXTzKZ] =
OEXT,
r
B Kz 0
—=£ [ﬁz DZKZ + (1 - ﬂz)EXTzKZ] [ﬂz DZKZ + (1 - ﬂz) EXTzKZ]
K, OEXT,
1
3 Kz
Bz[ﬂz DzKZ + (1 - ﬂz)EXTzKZ] =
OEXT, (54)
L
Blp. D + (1= p)EXTS]" (1- p) EXTS!
Given (5),
1
X5,

= [ﬂz DZKZ + (1 - ﬂz) EXTZKZ]KZ

z

LXSZJ Z = [ﬂz DzKZ + (l - ﬂz) EXTZKZ]
B

z

Substitute that into (53) to obtain

1y
1 Kz

KZ
0 Kz XS _
_Bz[ﬂz DzKZ + (1 - ﬂz)EXTzKZ] = Bz = ﬂz DZKZ !
oD, B

z

1

0 Kz _ _
6732[:62 DZKZ + (1 - ﬂz)EXTZKZ] = BzKZ Szl KZ:BZ DZKZ :

z

1

K,—1
0 Kz D
- Bz[ﬂz DzKZ + (1 - ﬂz) EXTZKZ] = BZKZ:Bz =
oD XS,

z

and similarly into (54), which yields

1

K,—1
Kz EXT,
Bz[:Bz DzKZ + (1 - :8;:) EXTzKZ] = BzKZ(l - ﬂz){ stl
z

0
OEXT,

First-order conditions (51) and (52) can now be written as
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K,—1
aZ = PL, - ,B,* B, D =0
oD, XS,
Z xr, )
a—z = PXT, - ,1ZBZKZ(1 — ﬁz) M =0
OEXT, XS,

or

K,—1
PL, = ﬂ'ZBZKZﬂZ =
XS

z

K,—1
EXTZ}

PXTz = ;i'szKZ(l - ﬂz)
X8,

E.3 Relative supply of components

Take the ratio of the two last equations in E.2:

Kx,—1
D

PL, _ XS,
- -1
PXT, BEXT, "
lszKZ (1 - ﬂz) £
XS,
PLZ ﬂZ (DZ)KZ_1

PXT, (1- B,)(EXT,)="

(Dz)KZ_l — (1 - :Bz) PLZ
(BXT,)=~' B, PXT,

1

Ky—1

Dz — [(1 — ﬂz)PLzJ

BEXT, \ p.PXT,
where k., = P implies xk, — 1 = S and
TZ TZ
TZ
Dz — (1 — ﬂz) PLz (55)
EXT, \ p.PXT,

TZ
B, PXT,



E.4 Supply of components in terms of aggregate production and prices

Substitute the last equation of E.3 into (5)

T, Ky "
XSZ = B p. % EXT, + (1 - ﬂz) EXT;:KZ
B PXT,
L
7T, K "
A@:@M@@G:&BQ - p)
B PXT,
where k, = 7o ¥ 1 implies 7, = ! and
7, K, —1
L
1 K, "
Ky—1
x@:@ﬂ@@{&ﬁng - g
B PXT,
1
l(zzl
XS, = B,EXT, B, (U= p.) PL; +(1-5,)
B, PXT,
1
Ky—1
Eégzg_ﬂ{g;&ﬂz% cl- )
XS, B, B, PXT,

z

BXT, _ [Q;&% ﬁ{zg} +0_@{zzgq
XSZ PXTz (1 - ﬂz)

z\zm|'_‘

Kz

24
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1 Ky Kz
Ky—1 Ky—1 Ky—1
EXT, _ L[ PXT, J 5 [PLZJ i ﬁz)[ PXT, J
XSz Bz (1 - ﬂz) z (1 - ﬂz)
where x, = £ il implies x, — 1 = L oang 2 = 7, + 1.1t follows that
T, T, K, —1

Tz

7,[ 7,+1 7,+1 ro
EXT, _ L[ PXT, } ﬂZ(PLZJ - ﬂz)( PXT, J
XSZ Bz (1 - ﬂz) L z (1 - :Bz)
[ T T 7ﬁ
EXT, _ L[ PXT, J oL, [PLZ} . PXT{ PXT, } 56
XSZ Bz (1 - :Bz) ﬂz (l - ﬂz)

where the left-hand side ratio depends only on component prices. As a matter of fact, multiplying both

sides of (56) by X5, transforms it into a supply equation of £X7,. A similar development would lead

to a supply equation for D, .

Tz

T, T, T,

D, _ L{PLZJ . [PLZJ +PXT( PX];J
z z

XSZ Bz :Bz :Bz (1 - ﬂz)

T, +1

E.5 Unit value of aggregate output

It is clear from (55) that the relative supply on the domestic and export markets is independent of the
scale of output, consistent with the first-degree homogeneity of aggregator function (5). Consequently, the
unit value of the output aggregate can be obtained from (13) by substituting the optimal ratio determined

in (55), and dividing through by X5, .

P xs, = |pr, 2= . PXTZJ EXT,

EXT,

TZ
P, XS, = PL'{%J + PXT,| EXT,
B, PXT,
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TZ

B, PXT, XS,

z-Z TZ TZ
PXT, B. (1-45.) XS,

To express P, in terms of the component prices only, we must substitute for £X7,/XS, in the
preceding equation using (56):

P - ((l - ﬂz)J ’ PL{@J C. PXTZ( PXT, J
PXTZ ﬁz (1 - ﬁz)

Tz

TZ z-Z z-Z
sl 5 i

T, +1

BZ (1 - IBZ ﬂz (1 - ﬁz)
— - rzil
1 rL " PXT, | rr. )" PXT, |
P, =— PLZ[ Z} + PXTZ[—Z] PLz[ Z] + PXTZ[—Z]
Bz L ﬁz (1 - ﬂz) ﬁz (1 - ﬁz)
1
— T,+1
T, T,
p- (p];z} . PXT, {ﬂ}
Bz L ﬁz (1 - :Bz)
E.6 Supply of components reformulated
Given the last equation in E.5, we have
1
T, +1
TZ Z.Z
B,P, = | PL, [P LZJ + ng[ﬂ}
:Bz (1 - ﬂz)

Using this, we can write (56) as

EXT, L{ PXT, JTZ(B Py
A4
XSz Bz (1 - ﬂz)

7,+1 T,
XSz BZ (1 - ﬂz)Pz
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7,+1 T,
BXT, = |1 _PXT XS, (57)
B (=B

z

which is an alternate form of the export supply equation. A similar development leads to the domestic

supply equation:
| 7,+1 I T,
. H [ J X, 58

Equation (33) defines DY from (58).
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APPENDIX F: EQUATION (34)

F.1 Cost minimizing problem
The regional agent allocates imports between origins by minimizing the aggregate cost of imports

(equation (16)) subject to constraint (11) and to /MT, = IM Tj , where M Tj is the solution to the

demand allocation problem as given by (49).

F.2 Lagrangian and first-order conditions

Write the Lagrangian

Pz
oM
L =Y PW, IM,; , — uMiAM Zaé‘fz IM % — IMT;
2] zj
The first order conditions are:
-1
g Pz
92 _ AM{Z all 1M} ] + IMT; =0
aﬂz Zj
-1
o oM
0 0 _pM
— = PVI/Zj,Z - :uéw AM ZaZ]]Z sz]e,z =0
oM 2z oIM 2z 2jj
where
-1
oM
0
—A%[Zagf IM (7 ] =
Vx4 Zfj, 2
6[MZJ,Z ij
-1 .
pM
M —Pz M F
- AM Z Uy IM ZJ;), Z Ut 1M ij z
EHMzJ 2 | zif



P
0
—Ag{za% e } -
90,2 zjj, %
0IM; , 2jj

-1
M

Pz
M _
- AY — {Z azﬂ, M7, } aé‘j{z(_ pM) ]MZJ,pZ

-1

-1 -1

M
Pz Pz
6 z z z _1
—Ag{z a%z IML”, } = Ag{z a%y IM L7, } agZJM g
oM 2z 2 ~
Given (11), which is equivalent to
mr )
{ Aé”zj {Z e M }
we can write
1 7]l14 4
_ péW r —pM Pz
0 M7 i}
—AMZaM ]Mpz = AM 2 M]M”Z
a[sz’Z z —~ —Z)),% Z]], % z A§4 Z] = 74

r Pz pM+1
0 AM|S oM. Iarf } am| M ZJ oM v r !

2jj,z 77 2,2 2,27 2,2
0 [sz,z Lz Aéw
-1
oM pHM+1
0 ! P! IMT;
—Aylz alf, IM,j; } = ()77 el ) o
OIM ;. | IM
And the first-order condition becomes
P +1
ﬁ - PVVZ’]Z EM(AéW)_p %z ]MT;( =0
8[Mz],z [sz,z
or
pM+1
_ oM IMTY
PW,, = ul(AM) P o, ]M—Z

25,z



F.3 Relative demand for imports of different origins

Take the ratio of the preceding equation for two different origins, zj and zjj:

oM 41
(AM) pz OCM ]MT?*
277, % IM ..
PVszj,z _ 2jj, %
M
PW.. Pz
2j,2
4 M(qMY P oM IMT;
z \7Z RE
]sz,z
pM+1
M
PWeie _ Ui | M2
M
PVVZJ: aZJ z ]MZJ]7
1
pM 11
M
[sz,z . az]ZPVI/Zj]Z
aM
[Mz]j,z Z]j ZP VVz]z
. - O'M
or, given pM = ——2and pM +1 = —,
o o
oM o
[sz,z . Z]ZPVI/Z]]Z
M
[MZJ'JEz Xzij 2 VVZ}
M p ot
alt PW, .
_ | Z@e e -
IM ., = oM P IM .
ZJ] Z zj,z

F.4 Demand for components in terms of aggregate imports and prices

Substitute the last equation of F.3 into (11), and

IMT, = AM Zazj
z]

— oM
where p/

o

M
M
2jj, %

implies oM =

o

L Wejsz
W .

1

-1

M
Pz
-pM

1M, 2jj,%

. Then

oM +1
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M
P
1 -pM) "
P 1
M
at PW. .
— 22" 2z
IMT, = AM Zazj s M
2 M PW ’
Dz 2z
-1
o2
1 —Pz
pM 1
M
ali PW,.
IMT, = AMIM . zaz @z Ahz
7, 12 || PW,
Pz " 22
-1
M
- p
P
pM 41
M
ali PW. .
IMT; = AM IM Za ZzpE gz
s 2 2,2 oM PW.
ZJ]Z zj,z
-1
_ oM
! ) péw Pz
P +1 v pM 41
PW,.. al
IMT; = AYIM % oM | 2=
2 4 PWee
L
M
- p
o o 1
P +1 pM +1
M
IMyjz _ 1 | P Wz oM | ez
Iv; M 2,2
M T;k AZ az]], Z] P VVZ], z
M 1 pM
where pM = implies pM +1 = —,and —%— =1 — o/ . Therefore
o} oM oM 11
o
M_y
—oM u oM-17
Mz _ 1 | EWoje oM | e
I M 2,2
IMT; A A 2] PW, .
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oM
- oM 1
—-oM u oM #
IMyjz _ 1 | PWee Z PV Yz (60)
T AN el clew,,

where the left-hand side ratio depends only on component prices. As a matter of fact, multiplying both

sides of (60) by /M T* transforms it into a supply equation of /M.

2j,2"

F.5 Unit value of aggregate imports

It is clear from (59) that the relative demand for imports of different origins is independent of the scale of
imports, consistent with the first-degree homogeneity of aggregator function (7). Consequently, the unit

value of the import aggregate can be obtained from (16) by substituting the optimal ratio determined in

(59), and dividing through by EXT} .

o
PMT, IMT; = e ,IM_; > PW,; | —2*—2%
7 alf W,
7/ zj,z
al o
PMTZ e, [MZJL Z PVVZ Z] zPVVz]]v
IMT; all PW,
ol N
PMT, = e, M.z PVAV;’]JZ S PW,. %2,z
M T: azjj,z zj P Vsz z
To express PMT, in terms of the component prices only, we must substitute for /A, / IMT in the
preceding equation using (60):
o!
M M B o‘éw—l
— 0z oz
PW._.. aM
PMT, = e, L —A;ﬂ z > PW, | —2
AV ez zJ PW,j»
oM u oM
2 PWy
aM PW,,



oM
— - . oM 1
oM z
1 o, |”
PMT, = e,—|>. PW,, | —2=
Aél/[ zj P Vsz,z
i
— - - o‘M—l
v
aiV
PMT, = e, |y P, | 22
AéM zj P Vsz,z
F.6 Supply of components reformulated
Given the preceding equation, we have
B 1
o o’él/[—l
at, V7
AMPMT, = e,| > PW,, | —2=
zj P I/sz,z
Using that equation, we can rewrite (60) as
—oM
IMT, AM| « Tz
l-oM —o!
IM iz _ ( 1 ] PWojjz
IMT; AM a%} ALPMT,
l-oM —o!
i PW,.
M, [LJ — |y
AM ay PMT,

which is an alternate form of the demand equation for imports from a particular region.

To obtain equation (34), substitute (49) into (61).
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APPENDIX G: EQUATION (35)

G.1 Revenue maximizing problem

The regional agent allocates exports between export destinations by maximizing the value of exports

(equation (14)), subject to constraint (7) and to £X7T, = EX T; , where FX Tj is the solution to the

output allocation problem as given by equation (57).

G.2 Lagrangian and first-order conditions

Write the Lagrangian

KZ
X
L =Y PW, jBX, ; - 2X BX{Z ZZJ(EXZZ]) } _ EXT!
2] 2]
The first order conditions are:
e
oZ x|
aﬂ,g( BX[Z ZZ]( 272]') :l + EXTZ* =0
1
>3
0 KX
—E = PW, ;- M ———BX| ¥ B (Ex, ;)°
0EX, ; 5% 8EXZ 4 { Peia\ e
where
1
>3
X
——— BX (Ex, ,.:)° -
GEXz,zy |:Z > ZVZ]] ]

L
X

{Z ’BZ,ZJJ( ZZ]]) X}

O0EX

2,2]

[Zﬂw( X ) }



1
X

BX|:Z 227]( ZZ]]) ZX} =

aEXzz]
é_l
X X,
{zw ﬂ P (o, )
KZ
1
X zZ
aEXz7zJ BX|:Z zzyy( z,z]])Z:I =

Ly

B{z s (B X>] g (mx, )7

Given (7), which is equivalent to

L [z aten )]

B

we can write

1 —1

X x %z
z K
X EXT |~ KX -
aEXz,zJ BX[z P ] - ( B?Z} PR
e
8 I . pxr )
X
]J 27 zjj z z, z] z,Z]
6EXz,zj 77 BéX
1
g Kg(—l
a KX X EXZ z
—BXZ (X ..)Z = (BXY pX ,Zj
And the first-order condition becomes
Kg(—l
0L EX,
—_PVVZZ]_ﬂ“g((B%X) ﬂzqﬂ =0
OEX, ,; EXT;

or



Kg(—l

EX, ,;
EXT;

2,2]

PW, . = AX(BX)? ﬁw[

G.3 Relative supply of components

Take the ratio of the preceding equation for two different trading partners of region z: zj and zjj.

KX -1
EX
/@((B%X) le 2] e
PW, ;i EXT!
- K 1
PW, .
7 EX
ﬂ'g((BéX) ﬂz,zjj(E,);;fJ
z
Kg(—]
PVVz,zj _ ﬂZ,Z] [ ZZ]}
P Wz,ZJ'J' Bz, 2,2jj X ez
Kg(fl
[ EXz 2] } _ ﬁZ/’YZ]]PI/I/Z 2
EXz , 20 IBZ 2f z , 207
1
Kg(fl
X
EXZ,ZJ — ’BZ z]JP VVZ,ZJ
X
EXZ, 277 ﬂz z]P VVz 2jj
X
Or, given kX = 7z +1 and kX — 1 = L,
2 2
EXe _ ﬂz ZJJ %%f
BXe i ﬂjfsz W,z
7
ﬁz ZJJ 2,2j
EX, ;= |—2—= EX, i
ﬁz 2 z 2jJ

G.4 Supply of components in terms of aggregate exports and prices

Substitute the final equation of G.3 into (7) to obtain

36
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X "Z
BX .PW, ..
2 22
EXT* BX z zz] EXZ7ZJj
zj ﬂz 2f z 2jj
X
&+ 1. 1
where k¥ = £ implies 72X = , and
77 kX -1
L
X
1 )
I(QX—I
BX PW,
- B3 2 22
EXY; = Bg( z ZZ] X— EXz7ZJj
zj ﬂzzPW
g 22)
L
X
KX Y
Kg(fl
ﬂX ..pW .
EXT, = BfEX, ,; Z B 22
ﬂz , 2] ZZ]]
L
X
1 KZX *2
K -1 kX -1
P P
EXT} = BXEX, | 2 Z X —
PW, A px
2,2]] 2,2]
-
X
1 K%X *z
-1 kX -1
EXey _ 1 | PV S pX PW,
- 2,2] X
EXT: Bg( ﬂz ¥ zj ﬂz,zj
X X
&+ 1. 1 K
where kX = —£ implies kX — 1 = — and —2— = 7X + 1. It follows that
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i
X X +1 e
EXZ,zjj _ 1 VV:zzjj Z VVZ:Z]
EXT: Bg( ﬂZZj] o ﬂz,zy
s
X X X +1
EXz,zjy’ _ 1 VVz,zjj Z PVVz,zj (63)
EXT? Bgf ’BZZ]] w7 ﬂZZ]

where the left-hand side ratio depends only on component prices. As a matter of fact, multiplying both

sides of (63) by £ X Tk transforms it into a supply equation of £X

2,2]

G.5 Unit value of aggregate exports

It is clear from (62) that the relative supply on different export markets is independent of the scale of
exports, consistent with the first-degree homogeneity of aggregator function (7). Consequently, the unit

value of the export aggregate can be obtained from (14) by substituting the optimal ratio determined in

(62), and dividing through by EX T}, .

EX,
PXT, EXT, = e,EX, ;). P%Zj(i}

<Y EX 2
PXT, = ZZJJ Z M
EXT'* ﬁz \Zf Z , Z]]
z'g( TZX
EX, PW, .
PX]:IZ =e, 2,27 ﬂz \2JJ ZPVVZ,,Zj ;:Z]
EXT; \PW, ;) 4 z,2j

To express PXT, in terms of the component prices only, we must substitute for £X, _;; / EXT, in the

preceding equation using (63):



2 2
Pxr, = e, | ez 3 Pw, 24
z = 2T 2,2j
X X ” ’ X
Bz ﬁz,z]’j Z] B 2,2
X
'Bz,zjj
PW, i
-
‘rg( TZX+1
1 PW, .
PXT, = e;— > PW, —XZ’ZJ
BZ zj ﬂz,zj
1
rZX rZXH
1 PW, .
PXT, = e;— 2. PW, ;ZJ
BZ 2j ﬂz,zj

G.6 Supply of components reformulated

Given the preceding equation, we have

2,2j

. P
BEPXT, = e, PW, —
zj ﬂz,zj

So we can rewrite (63) as

o
EX, 2 _ 1 PVVZ,ZJJ‘ (BXPXT )_Tg(
EXT BX| pX. o
z z 2,2]]
z'g(-*-l TZX
EX i z[ 1 J PW i
EXT} BX BEPXT,
rZX-H PW
BX B PXT,

39

2
B r;ZX-H
2 2
PVVz 2]
LIWag) =~
zj ﬂz,zj

(64)

which is an alternate form of the supply equation of exports to a particular region.



To obtain equation (34), simply substitute (57) into (64).
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APPENDIX H: TWO-REGION VERSION OF MODEL 3
In a 2-region model, each region has only one trading partner, so that, for zj # z, we have

EXT, = EX, ;, IMT, = IM

24,27

PW,

27,2

= PMT, and PW,

2,2j

= PXT,, which replace (7),

2]
(11), (8) and (12) respectively. The first two equalities above, together with (17), imply
EX sz = IMT, (24)

And following two equalities imply

PXT,; = PMT; (25)

So we can insert equations (24) and (25) into the model, and do away with equations (17) and the four

equations  (7), (11), (8) and (12), and with variables EX ., IM,. and
PW, ;. The PWINDEX variable is consequently re-defined, and equation (20) is replaced by
Y. PMT,IMTO Y PMT,IMT,
PWINDEX = |- z (23)
> PMTOIMTL » PMTOIMT,
z 4

The two-region Model 3 variables are listed in Table H1, and the equations in Table H2. This model has
11 N +1=23 variables and 9 N + (N — 1) +1 = 20 equations. There are N + 1 = 3 degrees of freedom.



Table H1 — Two-region Model 3 variables

Volumes

Q.
D

z
IMT,
EXT,

CABX,

PW, 4

Domestic demand for the composite good in region z
Domestic demand for the locally produced good in region z
Total imports of region z

Total exports of region z

Real current account balance (pseudo-volume variable)

Producer price

Market price of local product

Price of the composite good

Price of composite imports to region z
Price of composite exports from region z

World price of exports from region z to region zj

Nominal value variables

CAB:

Current account balance of region z
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Table H2 — Two-region Model 3 equations

CAB; = P, XS, - PC; Q,, z # zleon 3)
CABX, = CAB,;/PWINDEX (19)
€
K x, | Tz 1 . 3)
XS, = Bz[,b’z DS + (1 - B,)EXT, 2] where K, = ,with 0 < 7, < © (
TZ
TZ
D, 1-p, PL,
_L
— — Pz 1- O-Z ) 9
szAz[azDz Pz + (1 - a,)IMT, 'OZ] where p, = ,with 0 < 0, < ®© ©)
GZ
GZ
IMT, (l-a, PL, (10)
D, a, PMT,
P XS, = PL,D, + PXT, EXT, (13)
PCQ, = PL,D, + PMT, IMT, (15)

> PMTIMTCO > PMT,IMT,

PWINDEX = |2 2 (23)
> PMTOIMTO > PMTOIMT,
z Z

EXT,

PXT, = PMT; (25)

= IMT, (24)




APPENDIX I: EQUATION (26)

The 2-region Q-Model consists of equations (5), (9) and (24). Develop (5) when XS, = XS,

— \K,
XS,
B

z

B DZKZ + (1 - :Bz) ]MTZJ'KZ = (

Nk,
D,zKZ — L[XSZJ _ (1 B ﬂz) ]MTz]KZ
B\ B B

z

1

Kz

Nk,
DZ _ L[XSZ] _ (1 B ﬂz) [ME]KZ
B, \ B, B

Next, let (), = @,, substitute into (9) and develop.

é Pz
a, D, P + (1 - ) IMT, P> = [A—ZJ

z

-p Pz
D, = ! & (1-a,) IMT, P-
aZ AZ aZ
Combine that equation with (65)
_L
— NP, rz —= ¥z
L[&J (-a) IMT, P- - L(XS*Z] _(-5) IMT,/:
_ Pz
- Pz i = K 1"
L(&} _ —(l — az) [MTZ—PZ — L(XSzJ _ (1 - ﬁz) [M]’zj’(z
aZ AZ aZ _ﬂZ BZ ﬂZ i
_ Pz

=) e - L(@J_pz - L(ﬁzr U8

Kz

1

Kz
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IMT, Pz =

Equation (26) follows directly.

1 [@
(l_az) Az

a, 1

XS,

-p.
J (

l_az) ﬂz

|

BZ

-

L= 52) pyr e
zj
B

_ Pz

Kz
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APPENDIX J: EQUATION (27)

46

The 2-region P-Model consists of equations (6), (10) and (25). Substitute from (25) into (6) and develop.

Iz,
B. PMT; [EXT, /
1 - ﬂz Pljz Dz
. lz,
1 - ﬂz PLZ _ Dz

B. PMT}; \EXT,

/7,
PL, = 2 D PMT
I = p, \EXT,

Next, develop (10):

. Yo,
1-a, PL, |IMT,
a, PMT, D,

o,
pr, = %z (]MTZ] PMT}

z

l-a,\ D,
Combine this with (66):

/o, 1z,

@ |IMT | pypr = P PM
z
l-a,\ D, 1- 4,

o, lz,

Pyt =12 % | L L2 PM
a, \IMT, 1 -6, \ EXT,

Equation (27) follows directly.

(66)
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APPENDIX K: GAMS IMPLEMENTATION

K.1 Brief description of GAMS programs

The GAMS programs can be downloaded from http:/www.pep-net.org/training-material-1. They are

found under “Other > CGE model closures in a skeleton world model”.

Model 2 has been implemented in GAMS for illustration purposes. The standard version of the model is
implemented in program SkeletonWorld 2014 Model2A.gms. The main program calls several sub-
programs:

— Calib check S§2 2014.gms may be called at the end of calibration. It computes the difference
between the left- and right-hand side of every equation when the variable arguments are replaced
by their (calibrated) benchmark values.

— Closures_S2 2014.gms contains various closure options, including different choices of the
numéraire and of its value. The user chooses by activating/disactivating the $ontext/$offtext
switches in the program.

— RESULTS BAU S2 2014.gms stores the BAU (“business as usual”, no shock) solution values.

—  Benchmk _chk S2 2014.gms may be called once the BAU solution has been computed. It
computes the difference between each variable’s solution value and its benchmark (calibrated)
value.

— RESULTS SIM S2 2014.gms stores the SIM solution values and produces the GDX output file
and its xIs companion.

— RATIOS S2 2014.gms computes the ratio of SIM solution values to BAU (benchmark) values for

the purpose of checking for calibration consistency.

Calib_check S2 2014.gms and Benchmk chk S2 2014.gms are not directly related to the issues

discussed in this paper. They are two diagnostic tools frequently used by the author in developing models.

The program SkeletonWorld 2014 _Model2A4.gms produces two result files. The first is a “classic” Excel
results file created from the standard GDX output file, using GDX2XLS, with one sheet per variable. The
second is in tabular form, made with the GDXXRW facility, reading set-up parameters from a text file

which is created within the GAMS model program.

There is a second program, SkeletonWorld 2014 _Model2B.gms, which is basically the same, but offers in
addition various possibilities for modifying the calibration and/or the closure rules, and making

comparisons with the standard version of the model. Comparisons are made using two sub-programs:


http://www.pep-net.org/training-material-1
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—  Compare SOLUTIONS S2.gms reads the standard model solution GDX file produced by
SkeletonWorld 2014 _Model2A.gms, and computes the ratios of Model2B/Model2A solution
values, for the purpose of checking for model homogeneity when the choice of the numeraire, or
its value, or both are modified. The output consists of files So/ ratios.gdx and Sol_ratios.xls.

—  Compare RATIOS S2.gms reads the GDX file of SIM/BAU ratios produced by
SkeletonWorld 2014 _Model2A.gms, and computes the Model2B—Model2A ratio differences, for
the purpose of checking for calibration consistency. The output consists of files Ratio diff.gdx and
Ratio_diff.xls.

SkeletonWorld 2014 _Model2B.gms is therefore a tool for testing model homogeneity and calibration
consistency.
K.2 Examples of testso

All the tests described here have been made against the standard version of the model with the FP closure

and PWINDEX as the numéraire price:

XS.FX(z) = XSO(z);
P.FX(z) = PO(z);
CABX.FX(z) = CABXO(z);
PWINDEX.FX = PWINDEXO;

In Model2B, the closure is defined in Closures S2B_2014.gms, as described for each test.

K.2.1 Test of FP and FE closures

The FE closure is implemented in Model2B:

XS.FX(z) = XSO (z);
e.FX(z) = e0(z);
CABX.FX(z) = CABXO(z);
PWINDEX.FX = PWINDEXO;

In Compare SOLUTIONS S2.gms, set the Lambda parameter to 1 and the program will compute the
ratios of Model2B/Model2A solution values, after dividing all regional prices and nominal variables by
their exchange rate to convert them into the international currency. Observe in So/ ratios.xls that all ratios

are equal to 1 (except for exchange rates): the two models are identical.

K.2.2 Homogeneity test 1

If a model is truly homogenous, the solution values of real (volume) variables and all price and nominal

value ratios are supposed to be
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— independent of which commodity is taken as the numéraire;

— independent of which region is taken as the reference region when the numéraire is a regional
commodity (a particular case of the preceding);

— independent of the particular value given the price of the numéraire, whatever commaodity plays

that role.

In Model2B, implement the FP closure with PW,,. ..; as the numéraire:

zr(z) = no;

zr ('Regl') = yes;

zrj(z) = no;

zrj ('Reg2') = yes;

XS.FX(z) = XSO(z);

P.FX(z) = PO(z);

CABX.FX(z) = CABXO(z);
PW.EFX(zr,zr]j) = PWO(zr,zrj):;

In Compare SOLUTIONS S2.gms, set the A parameter using?

Loop{ (zr,zrj),
Lambda (scen) = BvalPW(zr,zrj,scen)/valPW(zr,zrj,scen);

}i

Then the program will compute the ratios of Model2B/Model2A solution values, after dividing all
regional prices and nominal variables by their exchange rate to convert them into the international

currency. Observe in Sol ratios.xls that all ratios are equal to 1 (except for exchange rates): the two
models are identical. As for exchange rates, their ratio is equal to 1/4. Now, let PL4 be the value of
PL, in the Model2A solution, and PLZ its value in the Model2B solution. We observe in Sol_ratios.xls
that PLB[ef = A PLA/ef and el /ed = 1/A. Consequently, PLZ/PL4 = 1, which is as it should
be under the FP closure. The reason is that the regional numéraires (here £,) are fixed, so that, if the
models are identical, going from PWINDEX to PW,, .. as the numéraire leaves regional prices
unchanged.

Homogeneity test 1 can be performed with the same results if the numéraire is given any arbitrary

positive value. For example,

PW.EFX(zr,zr]j) = 1.7*PWO(zr,zr3j);

3 The loop is necessary because zrand zr;j are sets (albeit singletons) in GAMS.
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However, with multiples outside the [0.45,1.7] range, the model needs to be initialized accordingly for

GAMS to be able to solve it:

PW.FX(zr,zrj) = LambdaO*PWO (zxr, zrj);
e.L(z) = e0(z)/Lambda0;

PW.L(z,zj) = LambdaO*PWO(z,z]);
PWINDEX.L = LambdaO*PWINDEXO;

(the re-initialization code appears in Closures S2 2014.gms).

K.2.3 Homogeneity test 2

In Model2B, implement the FP closure with e,,. as the numéraire:

zr(z) = no;

zr ('Regl') = yes;
XS.FX(z) = XSO(z);
P.FX (z) = PO(z):;
CABX.FX (z) = CABXO(z);
e.FX(zr) = e0O(zr);

In Compare_ SOLUTIONS S2.gms, set the A parameter using#

Loop{zr,
Lambda (scen) = vale(zr,scen) /Bvale(zr, scen);
b

which is equivalent to 4 = (1/ eg)/ (1/ e4.). This reflects the fact that the numéraire is an international
price: it is actually 1/e,,. , the price of region z7’s currency in terms of the international currency, rather

than e,,., the price of the international currency in terms of region zr’s currency.

The program will compute the ratios of Model2B/Model2A solution values, after dividing all regional
prices and nominal variables by their exchange rate to convert them into the international currency.
Observe in Sol ratios.xls that all ratios are equal to 1 (except for exchange rates): the two models are

identical.

Homogeneity test 2 can be performed with the same results if the numéraire is given any arbitrary
positive value, but with large or small multiples, the model needs to be initialized accordingly for GAMS

to be able to solve it:

4 The loop is necessary because zrand zr7j are sets (albeit singletons) in GAMS.
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e.FX(zr) = LambdaO*eO(zr) ;

e.L(z) = LambdaO*eO(z) ;

PW.L(z,z]) = PWO(z,z]j)/Lambda0l;

PWINDEX.L = PWINDEXO/LambdaO;
K.2.4 Homogeneity test 3

In Model2B, implement the FP closure with PWINDEX as the numéraire and change P, for PL, as

the regional numéraire:

XS.FX(z) = XSO(z);

PL.FX (z) = PLO(z);

CABX.FX (z) = CABXO(z):;
PWINDEX.FX = LambdaO*PWINDEXO;

and add the corresponding re-initialization:

e.L(z) = eO0(z)/Lambda0;
PW.L(z,z7) = LambdaO*PWO(z,z]) ;

In Compare SOLUTIONS S2.gms, set the A parameter using
Lambda (scen) = BvalPWINDEX (scen) /valPWINDEX (scen) ;

The program will compute the ratios of Model2B/Model2A solution values, after dividing all regional
prices and nominal variables by their exchange rate to convert them into the international currency.
Observe in Sol ratios.xls that all ratios are equal to 1 (except for exchange rates): the two models are

identical.

K.2.5 Homogeneity test 4

In Model2B, implement the FP closure with PWI/NDEX as the numéraire and change P, for PL, as

the regional numéraire:

XS.FX(z) = XSO(z);

PL.FX (z) = LambdaO*PLO(z) ;
CABX.FX (z) = CABXO(z):;
PWINDEX.FX = PWINDEXO;

and add the corresponding re-initialization:

e.L(z) LambdaO*eO (z) ;
P.L(z) = LambdaO*PO(z) ;
PC.L(z) = LambdaO*PCO(z) ;
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PMT.L (z) = LambdaO*PMTO (z) ;
PXT.L(z) = LambdaO*PXTO(z) ;
CAB.L(z) = LambdaO*CABO(z) ;

In Compare SOLUTIONS S2.gms, set the A parameter using
Lambda (scen) = BvalPWINDEX (scen) /valPWINDEX (scen) ;

The program will compute the ratios of Model2B/Model2A solution values, after dividing all regional
prices and nominal variables by their exchange rate to convert them into the international currency.
Observe in Sol_ratios.xls that all ratios are equal to 1 (except for exchange rates): the two models are

identical.

K.2.6 Homogeneity test 5 with FE closure

The modified FE closure is implemented in Model2B with £, rather than PWI/NDEX as numéraire:

XS.FX(z) = XSO (z);

e.FX(z) = e0(z);

CABX.FX (z) = CABXO(z) ;
P.FX(zr) = LambdaO*PO(zr) ;

and add the corresponding re-initialization:

PL.L(z) = LambdaO*PLO(z) ;
PC.L(z) = LambdaO*PCO(z) ;
PMT.L(z) = LambdaO*PMTO (z) ;
PXT.L(z) = LambdaO*PXTO(z) ;
PW.L(z,z7) = LambdaO*PWO(z,z]);
PWINDEX.L = LambdaO*PWINDEXO;
CAB.L(z) = LambdaO*CABO(z) ;

In Compare SOLUTIONS S2.gms, set the A parameter using

Loop{zr,
Lambda (scen) = [BvalP(zr,scen)/Bvale(zr,scen)]
/ [valP (zr,scen) /vale(zr,scen)];
}i
The program will compute the ratios of Model2B/Model2A solution values, after dividing all regional
prices and nominal variables by their exchange rate to convert them into the international currency.

Observe in Sol ratios.xls that all ratios are equal to 1 (except for exchange rates): the two models are

identical.
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K.2.7 Calibration consistency test of price X volume factoring

Implement the standard FP closure in Model2B with PWINDEX as the numéraire. Then, to perform the

test, go to section 4.1 of the SkeletonWorld 2014 _Model2B.gms main program, look for the line

*SGoTo Alternate calib

and remove the asterisk at the beginning. In Compare_SOLUTIONS S2.gms, set the A parameter using
Lambda (scen) =1;

The program will compute the ratios of Model2B/Model2A solution values, after dividing all regional
prices and nominal variables by their exchange rate to convert them into the international currency.

Observe in Sol_ratios.xls that the ratios of the prices of aggregates (PX7,, PMT,, PC, and P,) are

equal to the Model2B/Model2A ratios of their benchmark values, while the ratios of the corresponding
volumes are the inverse, including in the SIM results. In Ratio diff-xls, observe that the SIM/BAU ratios
are equal in both models, which satisfies the criterion of calibration consistency as stated in equations (1)

and (2) of section 1.3:

K.2.8 Calibration consistency test of arbitrary prices

Implement the standard FP closure in Model2B with PWI/NDFEX as the numéraire.

In section 3.4 of the SkeletonWorld_2014_Model2B.gms program, replace the following statements

e0(z) = 1;
PLO(z)
PWO(z, z7) = 1;

[
Ne Ne N

with different assignments. For example:

eO(z) = .5;
PLO (z) 0.8;
PWO(z,zj) = 1.5;
PLO('Reg3')= 1.6;
PWO (zx, zr]j)= 2;

In Sol ratios.xls, the SIM ratios and the BAU ratios are equal, and the passionate reader could trace the
sources of divergence from 1. More interesting is Ratio diff-xls, where it can be verified that the
SIM/BAU ratios are equal in both models, which satisfies the criterion of calibration consistency as stated

in section 1.3.
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K.2.9 Calibration consistency test of arbitrary prices and exchange rates

Implement the standard FP closure in Model2B with PWINDEX as the numéraire. In the

SkeletonWorld 2014 _Model2B.gms program, go to the section labeled “4.1 supplement Re-calibration
with arbitrary unequal exchange rates”, and activate the procedure by cancelling the $ontext/$ofttext

switches. The same result obtains as in the preceding test.
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